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Tom tat Bai bao phan tich cac tmg dung thue tién ciia phirong trinh vi / phan cap 1 trong cdc linh viee nhue
kinh té, dan sé, vat I, y hoc. Thong qua cac vi du minh hog cu thé va dé hiéu gitip sinh vién hinh thanh tw
duy triee quan vé phuwong trinh vi phan cdp 1 trong thiee tién va nghién cieu khoa hoc va cho thdy tinh lién
nganh trong viéc gidi quyét cdac bai toan phic tap.

Tir khod: Phwong trinh vi phén cap 1, mé hinh todn, trng dung thiee tién

Abstract: The article examines the practical uses of first-order ifferential equations in various fields,
including economics, population studies, physics, and edicine. By providing clear and accessible
examples, it aids student in developing an intuitive understanding of how first-order differential equtions
are applied in real-world scenarios and scientific research. Additionally, it shows interdisciplinary

approach to solving complex problems
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1. Pit van dé

Tir thé ky XVII, phép tinh vi phan va tich phan
do Newton va Leibniz ddc 1ap phat minh da dat nén
mong cho nganh phuong trinh vi phan (PTVP). Sang
thé ky XVIII-XIX, cac nha toan hoc nhu Bernoulli,
Euler, Cauchy, Jacobi.. . tiép tuc hoan thién ly thuyét,
phat trién phuong phap giai s6 va mé rong g dung
trong co hoc, nhiét dong luc hoc, .... Pén thé ky
XX, su ra doi cua cac phuong phéap giai s6 dd mo
duong cho viée giai PTVP biang may tinh, thuc day
ung dung trong nhiéu linh vuc nhu dong lyc hoc,
sinh hoc, tai chinh va k¥ thuat. Ngay nay, PTVP- dac
biét 1 phuong trinh vi phan cip 1 (PTVPC1) 1a cong
cu quan trong trong mo hinh hoéa cac hién tuong tu
nhién va xa hoi.

PTVPC1 1la mot trong nhiitng ndi dung quan
trong trong chuong trinh Toan hoc ¢ bac dai hoc cua
hau hét cac nganh hoc, dic biét ddi véi cac nganh
k¥ thuat, kinh té, ... Tuy nhién, cach day thién vé ly
thuyét khién sinh vién kho tiép cén, tiép thu mot cach
may moc, 1am giam kha ning van dung kién thirc
vao thyc tién cling nhu lién két v6i cac mon chuyén
nganh. Trudc thyc trang do, viéc doi mai phuong
phap giang day theo hudng tang cuong tinh thyce tién
1a can thiét. Nhidu nha toan hoc, cac giang vién da
nghién ctru Gmg dung thuc tién ctia PTVPC1 [3,4].
Theo ludng nghién ciru d6, bai viét nay tap hop va
gidi thi€u mot sO bai toan ung dung PTVPCI theo
hudng gén v6i thue tién, nham hd tro sinh vién hiéu
sau ly thuyét, nang cao nang luc giai quyét van dé va
nhén thuc 16 hon vai tro ciia Toan hoc noi chung va
PTVPCI noi riéng trong thuc tién va nghé nghiép.

2. N§i dung nghién ctru
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2.1. Mjt s6 dang phwong trinh vi phin cip 1
thwong gap

*Pinh nghia: Phuong trinh vi phan cip 1 Ia
phuong trinh c6 dang F(x, y, y) = 0, trong do x la
bién doc lap va y la ham cua x (1a ham can tim).

*Mot sb phuong trinh vi phan cip 1 co ban:

o Phwong trinh vi phdn véi bién so phdn li:
P(x)dx+Q(y)dy =0.

o Phurong trinh thuan nhat: P(x,y)dx+Q(x, y)dy =0,
trong d6 P, O 1a cac ham thudn nhét cing béc.

o Phuong trinh vi phdn  tuyén
Y+ P(x)y=0(x).

e Phurong trinh Bernoulli: y'+ P(x)y = y“Q(x),
trong d6 a #0,a #1.

o Phuong trinh vi phdn toan phan:
P(x,y)dx+Q(x,y)dy =0, trong d6 P(x,y),0(x,y)
1a cac ham lién tuc ciing voi cac dao ham riéng cap 1
thoa man diéu kién P=0.

tinh:

e Phuong trinh Lagrange: y = xp(y") +w (")
'+ ().

e Phuong trinh Ricati: y' = P(x)y” + Q(x)y + R(x),
trong d6 P,Q,R la cac ham lién tuc.

Dinh 1y vé sy ton tai va duy nhit nghiém ciing
nhu phwong phap giai cac PTVPCI néu trén c6 thé
xem trong [1]. Tiép theo, chiing ta tim hiéu mot sb
mg dung thyc tién cia PTVPCI.

2.2. Ung dung ciia PTVPCI trong mgt sé linh
viee

2.2.1. Trong mé hinh ting truéng ddn sé

DPé mé ta sy ting truong dan sb theo thoi gian
trong diéu kién tc do ting truong dan sé khong doi;
khong xét dén cac yéu td nhu han ché tai nguyén moi

o Phuong trinh Clairaut: y =
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truong, chinh sach dan sb,...chung ta c6 thé sir dung
mo hinh Malthus. Véi P(¢) 1a dan so tai thoi diém ¢,
r 1a toc d¢ tang truong dan so, 7 1a thoi gian ta co

phuong trinh vi phan 62—1) =rP c6nghiém P(¢) = Ce".
t

Vi dy 2.1. Dan s6 Ha Noi nam 2018 13 7,852 trigu
ngudi va nam 2023 14 8,587 triéu ngudi (s lidu cua
Chi cuc Dan s6 Ha Noi). Biét rang toc d ting trudng
dan s va quy mo dan s ti 1é v6i nhau. Dy doén dan
s6 Ha Noi ndm 2024.

Loi gidi. Tai thoi diém ¢ (tinh tir ndm 2018) dan
s6 1a P(1) = Ce".

Tainam 2018, #= 0 thi P(0) = 7,852 (tri¢u nguoi).
Suy ra C =7,852.

Dén nim 2023, dan s6 Ha Noi ting 1én 1a 8,587
(triéu nguoi) tire 1a khi ¢ = 5 thi P(¢) = 8,587. Do 49,
8,587 =7,852¢"3. Noi cach khac, r = 0,0178.

Vay P(1)=7,852¢"""™".

Dén nam 2024, tirc 1a ¢ = 6 thi

P(6)=7,852¢"""* ~ 8,737 (triéu nguoi).

Nhdn xét:

- Déan s6 Ha Noi ndm 2024 ghi nhan vao khoang
8,7 tridu nguoi. Két qua nay cho thay du bao tir mod
hinh Malthus tiém can kha sat véi thyc tién.

- Giang vién c6 thé huéng dan sinh vién thu thap
dir liéu theo ting giai doan va &p dung mo hinh toan
hoc dé ude tinh dan s6 & mot thoi diém tuong lai.

- Khi cac yéu t6 bat ngd nhu dich bénh, bién d6i
khi hau, d6i mé&i cong nghé, ... xuit hién thi d6 chinh
xéac cta du bao co thé bi anh huong.

2.2.2. Trong kinh té

PTVPCI c6 nhidu tng dung trong kinh té (xem
thém [ D dé mo hinh hoa nhiéu bai toan toan nhu
vay von ngan hang, 13i sudt ngan hang, bao hiém, sy
tang (giam) GDP hay bai toan xac dinh ham doanh
thu va ham loi nhuén,.... Trong phan tiép theo, chiing
toi dua ra 3 ing dung gan giii, d& hiéu véi sinh vién.

(1) M6 hinh tang (giam) GDP: Goi G(f) 1a tong
san pham noi dia (GDP) ctia mét dia phuong tai
thoi diém 7. Biét  1a ty 18 tang truong GDP hang
niam (r < 0 néu GDP suy giam). Khi d6, tbc d6 thay

d6i GDP duoc mé hinh hoa bang PTVPC1 % =rG.

Day la phwong trinh phdn li co nghiém la
G(t)=Ce".

Vidu 2.2. Trong giai doan 5 nam, mot nén kinh té
ghi nhan muc gia taing GDP tur 290 ty USD vao nam
2018 1én dén 420 ty USD vao cudi nam 2023.

a) Tinh tdc d6 tang truong binh quan ciia nén kinh
té r trong khoang thoi gian trén. Tir d6 dy doan GDP
nam 2024 (tdc do phat trién khong doi).

b) Gia sir nim 2024 qudc gia phai déi mat véi
bién dong tai chinh khién GDP sut giam 1,8% so voi
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nam 2023. Dy doan GDP vao nam 2025.

Loi gidi. Goi G() 1a GDP tai thoi diém ¢ (tinh tir
nam 2018). Ta c¢6 P(¢) = Ce".

Tai nam 2018 thi # = 0 nén G(0) =290 (ty USD).
Suy ra, C=290. Ta dugc G(¢) = 290¢". GDP ctia nam
2023 12 420 ty USD nén ta c6 G(5) = 420.

Khi d6, 420 =290, Gidi ra ta duoc r= 0,074 > 0.

Dén ndm 2024 thi + = 6 nén ta dugc
G(6)=290¢""** ~ 452,09 (ty USD).

Néu nam 2024. GDP giam 1,8% thi GDP thyc té
trong nam 2024 1a

G =452,09(1-0,018)=443,95 (ty USD).

Sau khung hoang kinh t&, GDP nam 2025 lai ting
truedng nhu cli voi r = 0,074. Khi d6, GDP nam 2025
la G=443,95.""" ~ 478,048 (ty USD).

(2) M6 hinh thu nhdp quéc dan (Y) theo thoi gian
do tac dong cua tiéu dung (c), luong dau tu (), chinh
sach chi tiéu chinh phu (G) va thué thu nhap (7). 1a

nghiém cta phuong trinh (iTY =cY+I+G-T.
t

Vi du 2.3. Mot qubc gia dang phat trién ghi nhan
mirc thu nhap qudc dan ban dau dat 600 ty USD. Dit
liéu cho théy hé s6 tiéu dung cén bién ¢ = 0,8, dau tu
1= 90, chi tiéu chinh pha G = 140, va thué thu nhap
T=100. Gia sir cac yéu td trén khong ddi, hdy du bao
thu nhap quéc dan ciia qubc gia sau 5 nam.

Loi giai. Ta ¢c6 mo hinh

%ZCY—F[+G—T=0,8Y+90+140—100.

Day la phuong trinh tuyén tinh, c6 nghiém tong
quat 1a

Y(6)=(C+[130e""*dr)e"*" = Ce"™ — 3%
Theo gia thiét ¥, =600 nén C _% Ta dugc
Y(t )_1525 08,_ﬁ'
2
Sau 5 nam thu nhap qudc déan 1a
Y(5)= %e‘m - 3275 ~41468,59(USD).

M0 hinh hoan tra khoan vay ngan ngan hang: Gia
sir ban dau vay ngan hang B triéu dong v6i 13i sudt
vay tinh theo niam (lién tuc) 1a 7%, téc do hoan tra
déu dan 1a R. Khi @6, s du no tai thoi diém ¢ 1a B(7)

thoa man 62—3 =r%B(t)—-R.
t

Vi du 2.4. Mot khach hang vay ngén hang 200
triéu dong véi 1ai suit 1a 10%/nam (13i kép lién tuc).
Tir nam dau tién, khach hang cam két mdi nam tra 30
triéu. Hoi sau bao 1au khach hang sé tra hét no?

Loi gidi. Ap dung md hinh véi % =10%,R =30,
ta duoc
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4B _ 0,1B(¢) - 30.
dt
Phuong trinh ¢6 nghiém
B= (c + —30ef*°"‘"d¢) [ = Ce"™ +300.

Khach hang vay 200 triéu dong nén B(0) = 200.
Khi d6 C = -100.

Khi khach hang tra hét no thi B(f) = 0 Tuc la
300-100e"" =0.

Suyrat~10.98 (ndm). Vay sau khoang 11 ndm

khach hang s& tra hét ng.

Chii y: Khi 13i suat ngan hang thay d6i hang nam
hodc khach hang nang muec chi trd hang nam thi mo
hinh khong con dung. Khi 7 tang thi no sinh 13i nhiéu
hon mdi nam nén thoi gian tra ng s& dai hon. Néu
R <7B(0) thi khong thé tra hét no.

2.2.3. Trong vat ly

PTVPC1 c6 vai trd quan trong va nhiéu tmg dung
trong vat ly [3,4]. Ta s€ xem xét rng dung vé mé hinh
dong chay Toricelli (md vén toc dong chit long chay
khoi bon chira): Chidu cao cta chit long tai thoi
diém ¢ 14 h(7), A 1a dién tich mit thoang (dinh bdn), a
1a dién tich 15 tho nuéc nho & day, g 1a gia tdc trong
truong. Khi d6 su thay doi myc nude theo thoi gian

dh

a
a4 g,
RP7E

Vi dy 2.5. Mot bdn nude hinh try thing dimg ¢
dién tich day 1a 1m?. O day bon c6 gin mot van thoat
nudce nho hinh tron ¢é dién tich 0,01m?. Liac 7h sang,
bdn nude chira diy nude voi chidu cao 1m. Khi mé
van, nude bt diu chay ra (khong bom thém nudc
vao). Biét rang toc d6 dong nudc chay ra duoc tinh
theo cong thitc v=/2gh v6i g =9,8m/s>. Hoi sau
bao 1au bodn nude s& can nudc?

Loi gigi. Van téc dong nudc chay ra tai 15 thoat 1a

v(t) = +/2gh(7) . Luong nude thoatra O = av = a2 gh(r)
£ . 2, N .1y dh
Toc d6 giam thé tich trong bon nudce 1a Ez—%\ﬂgh .

Thay céc dir kién d& bai ta dugc % =-0,014/19,6A.
t

Day 1a phuong trinh phan li c6 tich phéan tong quat 1a
2k =-0,014/19,6¢+ C.

Ban dau bon nudc chira ddy nude voi chiéu cao
Imnén h(0)=1. Thay vao ta dwgc C =2. Suyra
2h =-0,0119,6¢ +2.

Khi bdn can nudc thi A(f)=0 nén Gng voi

2
t=——F+—=45,17.
0,014/19,6

Chu y: Bai toan bd qua yéu to ma sat va lyc can
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khong khi.

2.2.4. Trong y hoc

(1) Bai todn vé sw thay doi nong do thudc:
PTVPCI c6 thé mé ta sy thay dbi ciia ndng do thude
trong co thé theo thoi gian. Diéu nay gitip bac si, cac
chuyén gia xdy dung duoc phac do lidu dung phu
hop dé hiéu qua diéu tri tot nhat.

Gia str U(7) 1a ham biéu thi ndng do thudc trong
mau tai thoi diém ¢, £ 1 téc d6 dao thai cia thude ra
khoi co thé. Khi d6, ta c6 md hinh dao thai thudc sau

khi ding mét liéu duy nhét 1a %:—kU. Trong

truong hop nguoi bénh udng thube déu dan mdi T
gio voi lidu lwong D(mg) thi su thay ddi nong do
thudc trong mau duoc md ta boi phuwong trinh
auv_ —kU + B.
dt T

Vi du 2.6. Trong diéu tri viém hodc sbt, bénh
nhan duogc chi dinh dung Ibuprofen véi liéu luong
400mg va thoi gian dung thudce cach nhau 6 gio/lan.
Biét ring qué trinh loai bo thudc khoi co thé dién
ra v6i hé s dao thai k = 0,231. Tinh ndng d6 thude
trong co thé bénh nhan sau 6 gid udng liéu thude dau
tién va sau khi udng du 4 liéu thudc lién tiép (mdi
lidu cach nhau 6 gid)?

Loi gigi. Goi U(¢) 1 ham biéu thi ndng d6 thude
trong mau tai thoi diém 7. Nong d6 thude trong co thé

a1 dU 400
ngudi bénh la o -0,231U + o

Day 1a phuong trinh tuyén tinh c6 nghiém

U=|C+ I@e!o,zumdt efjo.zmdz — 200000 + Ce®",
3 693

Nong d6 thube trong co thé nguoi bénh khi chua
£ X s _ 200000
uong thuoe (1=0) A U(0)=0 suyra C =—
693
Sau khi ubng thudc 6 gio thi ndng do thude trong co
thé ngudi bénh 1a
U(6) = 200000 200000 JEEHE
693 693

Khi udng thude cac 1an tiép theo, ndng do thudc
trong co thé khong vé 0 ma van con mot phan trude
d6. Do d6, sau 4 1an udng thudc (£ =24) thi tong ndng
d6 thudc trong co thé bénh nhan la U(24) = U, + U,
+ U, + U, trong d6

U :U(6)e—0,231(n—])1 +

z216,43(mg/L).

D (1 _ 670,231(;171)1 )
0,231T

Suy ra, U(24) ~531,2mg / L.

(2) Bai todn vé su ldy lan bénh truyén nhiém: Ta
st dung mé hinh SIR dé mo ta su lay lan cua dich
bénh truyén nhuyén. Tir d6 s& wdc lugng toe do lay
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lan bénh, du doan dinh dich va dua ra cac bién phép
kip thoi (tiém chung, cach 1i,...).

Gia st dan s khong doi va khong xem xét dén
bién dong sinh tr. Vi S(7) s6 nguoi co thé bi lay
nhim tai thoi diém £ 1(¢) 1a s6 ngudi dang bi nhidm
bénh, R(7) 1a sb nguoi da khoi bénh (hodc mién dich);
£ >0 1a hé sb lay truyén, y 1a hé sé phyc hdi. Tinh
hinh dich bénh ¢6 thé mé ta boi phuong trinh:

ﬁ:—ﬁSlﬂ:ﬂSl—ﬂ;‘;—fzﬂ.

dt dt

Vi du 2.7. Mot truong tiéu hoc c6 500 hoc sinh.
Ngay dau tién c6 5 hoc sinh mic bénh cim va 495
hoc sinh chwa méic bénh. Biét raing mdi ngdy trung
binh m&i hoc sinh mic ciim c¢6 thé 1ay bénh cho 0,5
hoc sinh khac ( = 0,0005) va sau 5 ngay s€ c¢6 1 hoc
sinh khoi bénh (y = 0,2). Hiy dyu doan sb hoc sinh
mic bénh cum sau 5 ngdy.

Loi gigi. Mo hinh lay nhiém bénh cum 1a
dl
. INEYIE

Thay céc dit kién thyc té thi

dl dil
—=(0,0005.495—-0,2)1 hay— =0,4751.
dt dt
Giai phuong trinh ta dugc / =Ce""™. Tai thoi
diém ban du = 0 thi /(0) = 5 nén C = 5. S6 hoc sinh
nhiém bénh sau 5 ngdy 1(5)=>5¢""* ~ 6,34 (em).

Vay 5 ngay trudng sé co khoang 6 hoc sinh mic
bénh cam.

Nhdn xét: Mo hinh chi dang trong giai doan dau
cta bénh dich khi chua c6 bién phap phong dich.

3. Két luan

Bai bao trinh bay mét s6 tng dung thuc tién cua
PTVPCI trong cac linh vuc cu thé, gbp phan lam
phong phti hon chudi ing dung cua Toan hoc vao
cudc séng. Pong thoi, hd tro SV cing cb kién thic,
phat trién nang luc van dung ciing nhu khoi goi niém
yéu thich, lam tang kha ndng kham pha Toén hoc.

Loi cam on: Nghién ciwu nay dwoc tai tro boi
Trwong Pai hoc Mo - Dia chit trong dé tai cip co
6 ma s6 T25-18.
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